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¢) Let (X, 7) be a topological space, let (Y, d) be a metric space, let : X — Y
be a function and for each n e N, let f, : X — Y be a continuous function

such that the sequence (f.) converges uniformly to f. Then prove that f is
continuous.

8. a) Prove that a family B of subsets of a set X is a basis for some topology on
Xifand only if: (1) X=u{B:BeB}and (2) if By, B, e Band x By By,
then there exists B € B such that x ¢ B and B ¢ B, A B,,.

b) Let 7and 77 be topologies on a set X and let B aqq B’ be base§ for 7and 77
respectively. Then prove that the following conditions are equivalent :

i) 77 is finer than 7-

i) For each x € X and each B € B such that x € B, there is a member B’ of B
such that x e B’ and B’ —B. ]

C) Show that the lower-limit topology on R is not the usual topology on R.

9. a) Let A be a subset of a topological space (X, 7), and let x € X. Then prove

thatx < Aiif and only if every neighborhood of x has a nonempty intersection
with A.

b) Let A be a subset of a topological space (X, 7). Then prove that A= A U
c) Prove that every second countable space is separable.

Unit-1I

10. a) Let {(X,, 7,) : @ € A} be an indexed family of topological spaces, and for
each o €A, let (A, 7,,) be a subspace of (X5: 7). Then prove that the

product topology on I1, _, A, is the same as the subspace topology on
[T, . o A, determined by the product topology on [ X

b) Let {(X,, 7,) : & € A} be an indexed family of first countable
let X =1, . o X, Then prove that (X, 7) is first countable if g
the ftrivial topology for all but a countable number of o

sSpaces, and
nd only if 1,18

11. a) Let (A, 7,) be a subspace of a topological space (X, 7). Prove that
C of Ais closed in (A, 7,) if and only there is a closed subset p
suchthat C=A N D.

b) Let (X, 7) and (Y, L) be topological spaces, let f: X — Y be a fynes: _
let {U,, : o € A} be a collection of open subsets of X such thatuncuon’ anag

X=U,ep Uyandf]|y,: U, — Yis continuous for each %e AT
that f is con(t)%nuous. hen proy.

c) Prove that the function f : R — R? defined by f(x) =
an embedding of R in [R2,

a subsei
of (X, 73
(X, 0) for each Xe R id

oo, :
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12. a) Let(X, 7), (Y4, Uy) and (Y,, Uy) be topological spaces and letf: X — Y x Y5

be a function. Then prove that f is conti ' i
onti
are CONNUBUS. nuous if and only if 4 o f and 1y o f

b) Let (:(1- 7,) and (X,, 7,) be Hausdorif spaces, and let 7 denote the product
topology on X = X, x X,. Then prove that (X, 7) is Hausdorff.

c) Let ‘(X1f T,) and (X,, 7,) be topological spaces, and let 7, and , denote the
projection maps. Then prove that § = { ;' (U): Ue 7; } v, { p (V):VeT }
is a subbasis for the product topology on X; x X,.

Unit = il

13. a) Let {(X,, 7,) : o e A} be a collection of topological spaces, and let 7 be
the product topology on X =] ,cx X . Then prove that (X, 7) is locally
connected if and only if for each e e A, (X, 7,,) is locally connected and for
all but a finite number of o € A, (X, 7,,) is connected.

b) Prove that a topological space (X, 7) is locally connected if and only if each
component of each open set is open.

c) Let (X, 7) be a topological space and suppose X = A U B, where Aand B
are nonempty subsets that are separated in X. If His a connected subspace
of X, then prove that Hc Aor Hc B.

. a) Let(X, T) be atopological spaces and let A c X. Then prove that the following
conditions are equivalent :
i) The subspace (A, 7,) is connected.
i) The set A cannot be expressed as the union of two nonempty sets that
are separated in X.
iii) There do not exist U,Ve TsuchthatUnA=@,VnA#D, UnVnAzd
andAcUuUV.
b) Prove that the closed unit interval | has the fixed-point property.
c) Let (X, 7)bea topological space and suppose X = A U B, where A and B
are nonempty subsets that are separated in X. If H is a connected subspace
of X, then prove that H c A or Mo B.

. a) Prove that each path component of a topological space is pathwise
connected.

b) Show that the topologist’s sine curve is not pathwise connected.
c) Define path product of two paths in a topological space.
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